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Abstract A quantum-classical coupled system which models the diffusive transport of elec-
trons partially confined in semiconductors nanostructures was presented in Ben Abdallah
and Méhats (Proc. Edinb. Math. Soc. 49:513-549, 2006). In this model, electrons are as-
sumed to behave like wave in the confinement direction and to have a classical behaviour in
a diffusive regime in the transport direction parallel to the electron gas. It was formally de-
rived from a kinetic system for partially quantized particles thanks to a diffusive limit when
the mean free path becomes small with respect to the macroscopic length scale. This paper
is devoted to the rigorous study of this limit for a transport in one dimension. In the transport
direction, the motion of particles is described by a 1D Boltzmann equation. A Boltzmann-
Schrodinger-Poisson system is then considered. Existence of renormalized solutions relying
on the study of a quasistatic Schrodinger-Poisson system and on an entropy estimate is es-
tablished. Its diffusive limit is then considered.

Keywords Schrodinger equation - Boltzmann equation - Poisson equation - Entropy
inequality - Subband method - Diffusion limit - Renormalized solution - Drift-diffusion
equation - Semiconductors

1 Introduction and Main Results

By downscaling electronics components at nanometer scale, quantum effects become non-
negligible. In nanoscale semiconductor devices, electrons might be extremely confined in
one or several directions due to the length scales. These directions are referred to as the
confining directions. This leads to a partial quantization of the energy. The subband decom-
position approach [27, 36, 37] was introduced by several authors in order to take advantage
of this reduction of dimensionality. This method consists of a separation of the confinement
and the transport directions.
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In the non-confined direction(s), that we shall also refer to as the transport direction(s),
transport might have a quantum nature or be purely classical in the kinetic or diffusive
regimes. In this work, we are interested in the kinetic regime (the diffusive regime has been
studied in [5, 34]) and in the convergence from the kinetic model to the diffusive model. One
of the most used models to describe the transport of charged particles in a kinetic approach
in several domain such as plasmas or semiconductors is the Boltzmann transport equation
[6, 22, 31, 33].

In the confined direction, electrons behave like waves. The system is at thermodynamical
equilibrium and is described by the subband model as a statistical mixture of eigenstates of
the 1D stationary Schrodinger equation.

Namely, we consider a particle system of charged carriers which is partially quantized in
one direction (denoted by z) and which, in the transport direction denoted by x, is in a kinetic
regime. The coupling occurs then in the momentum variable. We will first briefly describe
the model used and refer the reader to [26] for more details. A Vlasov-Schrodinger-Poisson
system which presents also a similar quantum-classical coupling is analyzed in [4].

1.1 The Schrédinger-Poisson System

In the transverse direction (referred by z), electrons are confined in the nanostructure. The
description of the system needs the diagonalization of the 1D stationary Schrodinger equa-
tion. We define then on 2 = (a, b) x (0, 1), the set (xx[V1], €x[V]i>1 as the complete set
of eigenfunctions and eigenvalues of the Schrodinger operator in the z variable, z € (0, 1):

{—%aka[V]+vXk[VJ=6k[VJxk[V] k= 1), 0

xx[V10) = x[VI(1) =0, Jo lalVIPdz=1.

The square of the modulus of the wave functions (xx[V1)x>1 represents the probability of
occupation on the kth subband. If we denote p; the occupation number of the kth subband,
which is defined below by [ fi dv, the particle density for a partially quantized system can
be written

+o00

N, x,2) =Y pe(t, )l V(E, x, )1E@)1

k=1
The electrostatic potential V generated by the charged carriers is then the solution of the
Poisson equation:

—A V(L xD) =Yt D) lVE )@ (12)
k

with the boundary conditions:

@ =4 =0, f 1
{dx(l,a,z) 7, b,2)=0, forze(0,1), (13)

Vt,x,00=V(,x,1)=0, for x € (a, b).

The boundary conditions here are chosen such in order to simplify the mathematical analy-
sis, moreover elliptic regularity of the Poisson equation (1.2) are needed in our proofs. How-
ever, in the spirit of [5], we can extend the proofs to the case where V (¢, x, 0) = Vb0 (x) and
Vt,x,1)= Vb1 (x) with % Vb0 (a) = % Vb1 (b) = 0. The idea is to introduce the extension V
on 2 of the boundary data and to consider the quantities V — V instead of V, € ,[V]— €[ V]

instead of €,[V],....
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The Schrodinger-Poisson system was solved in [24, 25] by variational methods. Such
techniques are used here to obtain existence and uniqueness of solutions of this system for

a given p = (0p)=1-
In the following, when there is no confusion possible, we will denote € ; instead of € ;[V]
and yx; instead of y;[V].

1.2 The Transport Equation

The Boltzmann equation is one of the most used equation describing the transport of charged
carriers in semiconductors in a kinetic regime [29, 33]. Let n > 0 be the scaled mean free
path assumed to be small and denote V" the electrostatic potential generated by the charged
carriers. We consider here the scaled Boltzmann equation in one dimension for the subband
model defined on the phase space (a, b) x R. The position x belongs to (a, b), the velocity
v belongs to R and the time variable 7 is nonnegative. Then the occupation number p' is
defined by p = [ f' dv where the distribution function £ (¢, x, v) satisfies

1 1
o fy + Z(U A fy — RELVMI f) = FQ”(f”)k- (1.4)

By using the notation {-, -} for the Poisson bracket: {g,h} = d,hd,g — 9,h d, g, we can
rewrite the Boltzmann equation:

1 1
afi + ;{HZ, = FQ”(f")k,

where H; denotes the energy of the system in the kth subband which is the sum of the
kinetic energy and the potential energy:

1
H (¢, x,v) = EUZ + €4V (t, x, )]

In semiconductors, the main mechanism driving the electrons towards a diffusive regime is
collision with phonons (vibration of the semiconductor crystal lattice) [32]. The collision
operator Q" for the electron-phonon interaction in the linear BGK approximation reads in
the following form:

Q"(f = Z/Rak,k'(v, VM) fir ) = My, (V) fi(0) dV, (1.5)
k/

where the function M/ is the normalized Maxwellian

1
Mt x5 v) = e 0 (1.6)

and where the repartition function Z” is given by

+00
2t x) =) e VI, (1.7)
k=1

We refer the reader to [7, 31, 33] for a physical background on the Boltzmann equation (1.4).
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The equation is completed with the specular reflection boundary conditions:
flta,v)=ft,a,—v), Lt b,v) = f1t,b,—v), v>0,1eR". (1.8

The surface density of particles is defined by

1
N;?(r,x)zf N”(z,x,z)dz:Z/fk"(t,x,v)dv:ZpZ(t,x).
0 © VR k

The cross section « is assumed to be symmetric and bounded from above and below:
(A1) og (v, V) = ap (v, v) and 0 < @) < a1 (v, V) < a, forall (v, v") e R, k, k' > 1.

We considered the well-prepared initial condition assumed to be at the thermal equilib-
rium.

N (x) o~V /2-alvim

n __ gpin —_ s 7
fk 0,x,v)= k (x,v):= 2 Zk e—ek[Vi”J

(x,v)€la,b] xR, (1.9)

where (V™ (€, [V™], xx[V™"]=1) is the set of solutions of the Schrodinger-Poisson system
at thermal equilibrium:

{ L2V + VIVl = € VMVl (k= 1),
XV, ) € HYO, D, fy xel V1 xelVimldz = 8,
Ny (x)

—A V=Y = VP Y,
— Y eIV

We assume that we have
(A2) Nﬁ" >0, Nj" e C%(a, b)).

Under this assumption, it has been stated in Proposition 2.1 of [5] that the above
Schrodinger-Poisson system at thermal equilibrium admits a unique set of solution
(Vi (€x[V™], xx[V*is1) with 0 < VI € C1(Q), where we recall that = (a, b) x (0, 1).

From a mathematical point of view, the diffusive limit is obtained by letting 1 going to
0in (1.4). It is well-known that in a diffusion approximation the surface density N; satisfies
at the limit a drift-diffusion equation [14, 29]. We propose here to extend these results for
the coupled quantum-classical system presented above.

Before stating the results of this paper, let us introduce some notations. An originality of
this system is the infinite sequence of solution of kinetic equations. Then we denote for any
separable Banach space E by ¢!(E) the space of sequences (/)= such that for all k > 1
we have iy € E and ), |lhkllg < 400, this last quantity being the norm of (/) in

LY (E). Its dual is £*°(E') the set of sequences (u; )= belonging to the dual E’ of E such that
supy, llukll g is finite. We say that a sequence (4} )= converges weakly to () in LY(E) if for
any (ug)i=1 € L°(E"), wehave ), (h} —hy, ux) g g — 0 as n — oco. We recall that as a con-
sequence of the Dunford-Pettis Theorem and the De La Vallée Poussin Theorem, a sequence
(h™), is relatively weakly compact in £'(L'(O)) (for © C RV) if there exists a nonnega-
tive function G satisfying lim,_, o, @ = 400 and such that sup >~ [, G(| fi|) dx < +o0
(see Chap. 2 of [12]). All along the paper, we will usually shortly denote by |/|| L, the
L?((0,T) x [a,b] x R) norm of h;. Finally, we will make use of the space LloéL((’))
defined as the space of positive function f such that ¥ (f) € L' (©®) where ¥ (x) = x log x.
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1.3 Main Results

We are interested in this paper in the diffusive limit of the Boltzmann-Schrédinger-Poisson
system presented before:

o f + %(u.axf,j —8,€].0, = %Q”(f”)k, (x,v) e(a,b) xR, (1.10)

-3+ VX =€lx]  (k=1D), W
X x, ) e HLO D, [ x! xl dz = 8,
—A V= ;Afk”lxﬁlzdv, (1.12)

which is coupled with the boundary condition (1.8) and (1.3) and the well-prepared initial
boundary condition (1.9). The aim of this paper is to prove rigorously the limit as n goes to
0 of this system to the drift-diffusion-Schrodinger-Poisson system studied in [5]. One par-
ticular relevant motivation of this work is to derive a model for which numerical simulations
are less costly and simpler than for the kinetic-quantum model (1.10)—(1.12). Then a numer-
ical simulation of the drift-diffusion-Schrédinger-Poisson system obtained as 7 goes to 0 is
provided in [26] to simulate the diffusive transport of electrons in a double-gate MOSFET.
An interesting continuation of this work is to extend to more general collision operators to
derive a hierarchy of classical-quantum coupled model in the spirit of [3].

To establish rigorously the diffusive limit, we will make use of techniques which have
been developed in the framework of hydrodynamics limits for the Boltzmann equation by
several authors (see e.g. [1, 8, 13, 15, 16, 20, 30] and see [35] for a review). Diffusion limits
for parabolic systems have been presented in [9], where linear kinetic equations arising
in models of plasma or semi-conductors or rarefied gases are considered, and in [19] for
generalized two-velocity models.

Although the linearity of the collision operator Q, the coupling is highly non linear and
then we are not able to construct strong solutions for this system. Thus we will work in the
framework of renormalized solutions [10, 11, 23].

Definition 1.1 We say that a nonnegative function "7 = (fk")keN* is a renormalized solution
of (1.10) if VB € C'(R*) with |8(t)| < C(+/t + 1) and |8'(¢)| < C, we have for all k > 1,
B(f) is a weak solution of:

o B +v 0B — 0, €L 0, B(f1) = LLEB(£)),
B =0)=B(fi"),
BUN @ a,v) =B a,—v),  BUDEb,v)=B(Eb,—v), v>0,1>0.

The entropy of the system is defined by

W”(t)—Z// ( "log 2k — £ +Mk>dxdv+ // V.. V' dxdz, (1.13)
(a,b)xR

where M, = K exp(—%(v2 +k?)) with a constant K chosen such that > f M, dv=1.The
dissipation rate which measures the distance to the equilibrium is defined by

R”(r):%Z//( , R(/?;—,/NS”MZ)2dxdv. (1.14)
— J Sy
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Remark We point out the fact that, looking at the expression of the entropy of the system,
we do not have better estimates in space than Llog L for 7 and H' for V7. It is proved in
Appendix that it implies a bound of 8, €] in L*. Thus the product f;’ - 3, €] has no meaning
even in a weak sense. The renormalization of the Boltzmann equation allows us to overcome
this difficulty.

The following statement establishes existence of a renormalized solution under the as-
sumption of small initial data:

Theorem 1.2 Let T > 0 and assume that Assumptions (A.1) and (A.2) hold. If we denote:
b .
Nip = / N dx.
a

Then, there exists Ny > 0 such that if Niy < N, the system (1.10)—(1.11)—(1.12)—(1.8)—
(1.9)—(1.3) admits a renormalized solution (V", (€], x|, fi=1) on [0, T] which satisfies

) VA>0,0], :=(f'+ kexp(—%(v2 + k)2 satisfies

1,2 2
Q"(f Mk ve 2D
19,0}, +v0,0], —8,(3:€, O} ) = Er +mx€ZW' (1.15)
(i1) We have the local mass conservation
1
NI +03,J"=0, where J":—Z/vfk"dv. (1.16)
M= /R
(iii) The entropy inequality holds:
t
Vi €0, T, 0§W”(t)+(;—;/ R(s)ds < Cy. (1.17)
0

If the potential is given in L°°, Poupaud [29] has proved existence of strong solutions
of the semiconductors Boltzmann transport equation and their convergence as the mean free
path 1 goes to 0 towards solutions of the drift-diffusion equation. He uses a method based on
an asymptotic expansion of the solution f” in power of 1 and estimation on the remainder of
this expansion. Ben Abdallah and Tayed [6] have extended this method and established the
diffusive limit of the Boltzmann-Poisson system in one dimension, since in this case they
obtain enough regularity on the potential. However when the dimension is greater than one,
Masmoudi and Tayeb [21] need to renormalize the Boltzmann equation and use compactness
method to establish the diffusive limit. In this paper we adapt the techniques of Masmoudi
and Tayeb [21] to prove the following theorem:

Theorem 1.3 Let T > 0 and, for n > 0, (V", (fkn, EZ, X:)kzl) be a renormalized solution
of the Boltzmann-Schrédinger-Poisson system as defined in Theorem 1.2 for N, < Ny. Then
as n — 0, if Ny is small enough, this solution converges to a solution (V, Ny, (€, Xi)k=1)
of the drift-diffusion-Schrodinger-Poisson (DDSP) system defined by

Ny +0,J =0, J=—-D(0;N;+ N;9,Vy), (1.18)
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888 N. Vauchelet

— 3+ V=€ (k=1), 119)
Xt x, ) € HJO. D, [ xi xedz = e, '
AL.V=N e 2 1.20
—AV = s;zge*f Il (1.20)
where the effective potential V is defined by
Vo=—log) e, (1.21)
k

and D is the diffusion coefficient whose expression is given in Corollary 2.2. This system is
completed with the initial condition N(0, x) = Nj” (x) and with the following conservative
boundary conditions:

{J(t,a):](t,b):O, wa,)=0@b =0, forzeO.D,

Vi, x,00=V(t,x,1)=0, for x € (a, b).
We have up to an extraction of a subsequence, as n — 0,
A — Ny Ml 1o, 71xgapixry = 0 and IV = V20,7111 @) — 0

We notice the assumption of small initial data in these theorems which has been already
set for the study of the Vlasov-Schrodinger-Poisson system in [4]. The existence of solutions
for (DDSP) when the x-variable is two dimensional has been established in [5] when the
diffusion coefficient D is assumed to be a constant. In this case we have enough regularity to
establish the uniqueness of solutions. But for a non constant diffusion coefficient, the proof
of existence is addressed in [34]; however we do not obtain the uniqueness of solutions.

1.4 Strategy of the Proof

As done in [4, 5], the system shall be viewed as a one dimensional Boltzmann equation
(1.10) for the distribution function ( fk")kzl coupled to the quasistatic Schrodinger-Poisson
system (1.11)—(1.12) for the potential V7. The Schrodinger-Poisson system allows us to
compute the potential as a function of the distribution function, while the Boltzmann equa-
tion gives the value of the distribution function in terms of the electrostatic potential. The
arguments used for the proof of Theorem 1.2 are rather standard (see [23] and reference
therein). A first step is to truncate and to regularize the Boltzmann-Schrodinger-Poisson
system. Thanks to a fixed point argument we can construct strong solutions of the regular-
ized system. Then solutions of the whole system are obtained by a passage to the limit in
the regularization using stability result. These steps are explained in Sect. 5.

Theorem 1.3 establishes the diffusive limit of renormalized solutions of Theorem 1.2 as
n — 0. Regarding the techniques used in the classical Boltzmann-Poisson case [21], the
proof of Theorem 1.3 relies strongly on the entropy estimate (1.17) which is established in
Sect. 2 and on a rigorous analysis of the Schrédinger-Poisson system. A priori estimates
obtained thanks to the entropy allows us to fix the functional framework:

(k=1 € L (Llog L(dxdv)), (0% +K%) fidk=1 € L (L' (L' (dx dv))),
V e LX®(H' (dx dv)).
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As recall in the introduction, a consequence of the Dunford-Pettis and the De La Vallée
Poussin Theorem is the relative weak compactness of f7 in £'(L'). We recall the following
averaging lemma whose proof can be found in [21] (see also [8]):

Lemma 1.4 Assume that h" is bounded in L*((0,T) x (a,b) x R), that h} and h' are
bounded in L'((0, T) x (a, b) x R), and that

noh" + v . h" = h) + 9,h].

Then for all ¥ € Ci°(R),

lim (sup

y—>0 n<l

/(h"(t, x+y,v)—h"(t,x,v))¥(v)dv
R

-
Li,

Thanks to this averaging lemma we will establish in Sect. 4.1 the relative strong compact-
ness of the surface density N7 in ¢!(L') as  goes to 0. Then, with the entropy inequality
(1.17), we have:

/OI’R”(S)ds:%Z/O[/](- ) R(/?[—,/NfMZ)zdxdvdschnz. (1.23)
© a,b)x

Letting n going to O we hope to prove with (1.23) that the distribution function converges to
a Maxwellian. But we need to establish the convergence of the eigenenergies €. Contrary
to the Boltzmann-Poisson system [21], the dependency of the potential V" with respect to
the occupation factor p” is not obvious but needs the resolution of the Schrédinger-Poisson
system in the functional framework suggested by the a priori estimates.

Therefore a key point is the study of the Schrodinger-Poisson system (1.1)—(1.2), which
is the object of Sect. 3. We remark that since we work in one dimension for the transport,
we have that V € H'(Q) implies ||V || 2on € H !(a, b) which is compactly embedded in
L*>(a, b). It is proved in the Appendix, where we recall some spectral properties of the
Hamiltonian, that it implies a bound on yx; in L*°(£2) (see Lemma A.4). Thus the product of
pr with | x| in the right hand side of the Poisson equation (1.2) makes sense. Ben Abdallah
and Méhats [4] have established existence and uniqueness of solutions of this system (1.1)—
(1.2) for an occupation number p; in L? for p > 1. The proof is based on an idea of Nier
[24, 25] which suggests to minimize the functional

b
J,,(V):%/f |VV|2dxdz—Z/ o€ [V]dx.
Q

k>1v4

where h" is extended by zero for x ¢ [a, b].

A critical point of this functional is a solution of the Schrodinger-Poisson system. But con-
trary to [5, 34] where the occupation factors decay with respect to k, this functional is not
convex. Thus we do not have uniqueness of the minimum. However we prove in Propo-
sition 3.4 that if (o)1 and (0)= are in L=((0, T), ¢'(L'(a, b))) and if V and V are
corresponding solutions of the Schrodinger-Poisson system (1.1)—(1.2),

V- V”L'([O,T]‘H'(Q)) < Cillpx —/3;<||21(L1((0,T)x(a,h))) +C2N||V - V”L'([O,T],H](Q))v (1.24)

where N = max{|| ol 1o (0,7), ¢! (1. (@, » | Pk | Lo (0, 7,6 (L1 @,y } @0d Cy and C, are nonneg-
ative constants depending only on data. We deduce from this inequality that if A is small
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890 N. Vauchelet

enough, the solution of the Schrodinger-Poisson system (1.1)—(1.2) is unique. It explains
why Theorems 1.2 and 1.3 are proved only under the assumption of small initial data.

Yet we can prove that the strong compactness of N7 in L' implies the strong com-
pactness of V" in L'((0, T), H'(R)). From spectral properties of the Hamiltonian it im-
plies that €,[V"] — €[V] as n goes to 0. From (1.23) we deduce that f" — N, M in
Y (L' (dt dx dv)). It remains to show that the limit function N is a solution of the drift-
diffusion equation (1.18). Passing to the limit in the local mass conservation, it suffices to
study the limit of the current J7 which is done in Sect. 4.2.

The outline of the paper is as follows. In the second section, after briefly recalling ba-
sic properties of the collision operator, we establish the a priori estimates, which are the
natural estimates for our system. In the third section, we analyze the Schrédinger-Poisson
system under physical assumptions given by the a priori estimates. Section 4 is devoted to
the proof of Theorem 1.3 assuming that we have constructed a renormalized solution of the
Boltzmann-Schrodinger-Poisson system. In Sect. 5, the proof of Theorem 1.2 is considered:
we give the regularization and explain the passing to the limit in the regularized system. The
Appendix is devoted to some useful properties on the spectrum of the Schrodinger operator.

2 A Priori Estimate
2.1 Properties of the Collision Operator

This section is devoted to the study of the collision operator defined by (1.5). The collision
operator Q operates on the v variable only, then we omit in this section the spatial and time
dependency, since these variables are only parameters. We assume that the sequence (€ ;)i>1
is given and we define M, (v) = ﬁ exp(—%v2 —€p) for Z2= Zkz] e~ k. We introduce the
space:

L= {(fk)keN* sty / F@P /My dv < +oo}, @1
A R

with the associated inner product:
S8k
(frglm=y | ===dv.
IR

Then we summarize the main properties of this collision operator in the following proposi-
tion.

Proposition 2.1 Let Q be defined by (1.5) with a cross section o symmetric and bounded
from above and below i.e. satisfying (A.1). Then we get:

() Xk [ O(N)(w)dv=0. ,

(it) Q is a linear, bounded, selfadjoint and negative operator on L% .
(i) The nullspace: Ker Q ={f € L%Vl s.t. ANs € R with fi = NyMy, Yk > 1}.
@iv) The equation Q(f) = g admits a solution f € L%Vl iff

> [awav=o
A R

and this solution is unique if we impose the same relation on f.
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Proof The first point is trivial. Using the symmetry of the cross section, we get the crucial
identity:

20009 ==Y [ [ s )

k,k

( S (@) fi() >< g (V) gr(v) ) ,
X — — dvdv'.
Mp @)  Mi(v) Mp ()  Mi(v)

Then (ii) and (iii) are easy consequences from this identity. It follows,
(Ker 0)* = {f €L’ st Z/fk(v)dv :0}.
k

Since Q is obviously a closed operator in L3 the equation Q(f) = g admits a solution iff
g € (Ker Q)*. This solution is unique in (Ker Q)*. O

Corollary 2.2 There exists © € L%Vl such that for all k > 1,
0O) =—vM; and Z/ Ordv =0.
/R
Then we can define the diffusion coefficient as

D:Z/R@k@cvdu. (2.2)
k

Remark 2.3 We recognize in formula (2.2) the classical expression for the diffusion coef-
ficient in all the problem of approximation of transport process by diffusion. This formula,
known as the Kubo’s formula, is still valid in higher dimensions and under Assumption (A.1)
on the cross-section it defines a positive definite matrix [17].

2.2 A Priori Estimate
A key argument in our study is to obtain uniform estimates on the unknows of the system. We
use the entropy defined in (1.13). All along the paper, we will use the following functional

space:

LPLY(Q) = {u € L},.(2) such that

b I/p
P
el p s (@) = (/a ||u(x,-)||L?(0yl)dx> <+00}-

We recall (see Lemma 2.2 of [4]).

Lemma 2.4 Let Q = (a, b) x (0, 1) C R%. Then the space H' () is continuously imbedded
in L*L(Q).

We notice that this embedding does not hold if 2 = x (0, 1) for v a bounded domain
of R?, i.e. if the transport is assumed to take place in a bounded domain of R?.
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892 N. Vauchelet

Proposition 2.5 Let T > 0 and let (V", (f', €], x,)i=1) be a renormalized solution on the
interval [0, T] of the Boltzmann-Schrodinger-Poisson system (1.10)—(1.1)—(1.2) with bound-
ary conditions (1.9)—(1.8). We assume that (A.1) and (A.2) hold and that

(1 +v* + €] +log i) fi=1 € L¥(0, T1, €' (L' ((a, b) x R)))

and
Ve L0, T], H (Q)).

Then, there exists a nonnegative constant C depending only on initial data such that,
o d
vt [0, T], OSW”(I)—I-—Z/ R™(s)ds < C, (2.3)
n=Jo

where the entropy W' is defined in (1.13) and the dissipation rate R" is given in (1.14).
Moreover,

b b
Vi €0, T, /N;i(t,x)zN,-,,:/ N"(x)dx. (2.4)

Proof This result is proved in the case of smooth solutions for which all calculations are
justified. In a general case, we regularize the system to have smooth solutions and pass to
the limit in the estimate obtained for these smooth solutions. These steps are explained in
Sect. 5.2.

It is readily seen that with our assumption on the initial condition (A.2), the initial entropy
is bounded and that with our boundary conditions, the system conserves the mass which

implies (2.4). Multiplying (1.10) by (1 + log f; + % + €]), integrating on (@, b) x R and
summing over k, we get

Z//a, (1 og f! +i+€”+1>dxdv
Z//fk <logfk +—+e )dxdv—;//fk"a,Gdedv.

Moreover, using the notation (f) = fol f(2)dz, we have 9,€] = (|x/|9,V") (see Lem-
ma A.2 in the Appendix). Thus we obtain:

Z// f0,€! dx dv

—Zf// xR0,V dx dvdz
——Z//f”(lx"|2v")dxdv—li//lv VP dxdz
dr 4 e 2di ’

where we use the Poisson equation (1.2). Therefore,
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vl

Z//a,fk <10gfk +—+e"+1>dxdu

—E//WMV”dedz
2
Z// 1 (10gfk +u+€" (Ix| V”))dxdv. (2.5)

And from the Schrédinger equation (1.1) we have:

1
30106 ) + (il V) = €.

With our boundary condition (1.8) we have after an integration by parts

2
Z/fv B fi 4 0,€] - 8fk)<logfk+u+€"+1>dxdv

b
:[Z/ﬁ,ﬁ(logﬁ +u+e )d ] =0. (2.6)
k R

a

Finally, with (1.5) and since ), f o"(fMydv =0,

2
Z/ Q"(f")k<log an % +ely 1) dv
k

n Mﬂ/ /
- fstoer- sl (52) () s
k JK

k'

Using the relation (a; — a)log(a;/ay) > (J/ai — \/0_2)2, for all positive @ and b, and the
Jensen inequality, we obtain:

2
Z// O"(fM (logfk +u+€”+l)dvdx§—a]72”(t). 2.7)
Finally, (2.5), (2.6) and (2.7) lead to:

Z//fk <10 1 +i+ ,§’|2>>dxdu

+——//|V VP dxdz+ R”(t)<0 (2.8)

From (2.8) we have after an integration on [0, T],

2 k2 1
Z//fk <10gfk +u+——1)dxdv+§//|vx,ZV"|2dxdz
b 2
o] k 1 2
+F/o Rn(r)dzsclJer:/a p2<5—5<|azx,§| >>dx. (2.9)
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Moreover, since the potential V7 is nonnegative, we have with the Holder inequality

(1:0]1%) = €7 = (I PV7) = €101 = 1 140, 1V 2001

N —

An interpolation and Lemma A.4 imply the existence of a nonnegative constant C; such that
1/2
IIX;Z]IIL4(0 b = Clxd 2 X ez o) < C2(1+ IIV"IIL/z(O’l))-
Since €[0] = 17?2, we deduce that

ko1 nay = Lo 1 0 1/2 1/2
5~ 10X P < 3K = SR+ A IV, )< AV, ). 210

By the Sobolev embedding H'(2) — L)‘:OLg(Q), we have

Z[ ( |a x| >) dx < G319 e (i L+ 1V 1517 )

= C3Nu(L+ 1V 11 ))- @.11)

This last inequality in (2.9) provides
/ ViV dxdz < Co+ Cs|I V|17

HY(Q)"

Thus using the Poincar€ inequality, we deduce that || V"] ;1q, is bounded. Then (2.9) and
(2.11) provide the desired estimate. O

Corollary 2.6 Let T > 0 and ( fk")kzl such as in Proposition 2.5, there exists a constant
Cr > 0 such that:

vt [0, T, Z// £l log £+ [v]* +k* + 1)dxdv < Cr,
& (a,b)xR

b T rb
/ (N"log N — N + 1)dx < Cr, / / J(t, x)dxdt < Cr.
a 0 a

Proof The second estimate results from the Jensen inequality. The first follows from the
remark y|logy| < ylogy + 2/e for all y > 0. Since the function v + vM] is odd, we have

= %;Av<ﬁ+,/NA7MZ)<ﬁ—,/N;’MZ)dv.

Using the Cauchy-Schwarz inequality, we deduce that

b 1/2
/ J(t, x)dx 52(2// uz(fk”+N;7M,2)dxdu) (R"(1)"2.
¢ k
We conclude by using (2.3). a
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Remark 2.7 It could seem more “natural” to consider the relative entropy with respect to the
physical equilibrium M rather than W7 in (1.13). However it this case the time derivative
of the entropy with respect to time will involve terms 9, € for which we have no estimate.
This is the reason why we choose the time-independent quantity M in (1.13).

3 The Schrodinger-Poisson System

This section is devoted to the study of the “quasi-static” Schrodinger-Poisson system defined
by:

120+ V=€ (k=1D), Gl
Xt x, ) € HYO. D [ i xedz = 8y, '
—AV =) ol (3.2)
k
where we consider that p = (o)s=1 is given in L®((0, T), £' (L' (a, b))) and satisfies:
(H1) Vk =1, p; > 0 and there exists a nonnegative constant C7 such that
b
vt €[0, T1, Z/ o1 +k>)dx < Cy. (3.3)
k a

We denote Ny = Y, pr. The system is completed by the boundary conditions (1.3). In
the sequel we will use the functional space Hj; ={V € H'(Q): V(x,0) = V(x, 1) =0}.

Proposition 3.1 (Existence and uniqueness) Let us suppose that p = (px)i>1 is given in
L>®((0,T), £ (L' (a, b)) and satisfies H1. Then the Schrodinger-Poisson system (3.1)—(3.2)
admits a solution in Holl.

Moreover, denoting N = ||Nllpeoqo.1y.L@py if N is small enough, this solution
(V, (€, Xi)k=1) is unique.

This result is obtained thanks to an idea of Nier [24] which has been developed in [4].
The principle is based on the fact that a weak solution of (3.1)—(3.2) is a critical point of a
certain functional. Namely, we consider the functional defined on H}, by

1 b
Jp(V)ZE//QIVVIdedz—Z/ o€V 1dx = Jo(V) + 1 (V, p). (3.4)

k>1

It is proved in Lemma 3.2 that this functional admits a minimizer and that this minimizer
is a weak solution of (3.1)—(3.2). Because of the non-convexity of J,, its minimizers are
not unique. Hence the uniqueness is obtained in Lemma 3.3 only under the assumption of
smallness for \V.

Lemma 3.2 Assume that (p)i=1 € L®((0, T), £' (L (a, b))) and satisfy H1. Then the func-
tional J, defined in (3.4) is continuous, locally Lipschitz and weakly lower semicontinuous
on Holl. It is coercive: there exist nonnegative constants Cy, C, and Cs such that for all
1€(0,7),

I, (V)= CilIVI31 6, — GV o — Cs. (3.3)

Thus the system (3.1)—~(3.2) admits a solution (V, (€, xx)i=1) with V.€ L*((0,T), Holl).
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Proof The functional Jy is clearly continuous and strongly convex on H,,. For the func-
tional J;, we use the properties of € ;[V] summarized in (A.8) to prove

(V. p) = I (V, p)|<2/ Pl€LV] — €[V]]dx

k>1

1/2 Snl/2 -
<G Z/ AL+ IV + IV Y = V2 da
k>1

3.6)
If we use the Sobolev embedding stated in Lemma 2.4, we obtain

WV, p) = IV, p) < Co(0+ IVt ) + IV o) IN a1V = Vi) G

Hence J, (-, p) is Lipschitz and weakly continuous on Holl. Now if we take V =0 in 3.7),
from H1, we have that 0 > J;(0, p) > —Cy. Thus,

J,(V)> ||VV||L2 — A+ VIS DIV — Ca

() HY(Q)

We apply the Poincaré inequality in HOIl to find (3.5). Hence the functional J, admits a

minimizer in Holl. Moreover, from Lemma A.2, it is clear that J, is Gateaux differentiable
on Hy, and the differential of J, in the direction W € H'() is:

b
dVJ,,(V)-W:f/ VV-Vdedz—Z/ ol [VIPW) dx
Q r Ja

Thus each minimizer of the functional J, is a weak solution of the Schrddinger-Poisson
system (3.1)—(3.2). O

Lemma 3.3 Let (px)i>1 given in L% ((0, T), £ (L' (a, b)) and satisfying H1. Then, for
N =N, | Loo(0.7).L1 (a.y) STall enough, the corresponding solution (V, (€x[V], xx[VDi=1)
of the Schriodinger-Poisson system (3.1)—(3.2) is unique.

Proof Let (oi)s=1 be in L®((0, T), £'(L'(a, b))) satisfying H1. We assume that we can

find two solutions of the Schrédinger-Poisson system denoted V' and V. Multiplying the
Poisson equation (3.2) by (V — V) and integrating provides:

b
f/ |V(V—V)|2dxdz=2/ ol (VP = Dl VIRV = V))dx.  (3.8)
Q k a

From (A.3), we deduce that we have

[[ro@ - vrasas<c [ n o iy i

Then the Sobolev embedding H'(Q2) — LY L?(Q) and the Poincaré inequality lead to
< C2eC4<\|VuH1(Q)+HVHH1(Q))”Ns”Ll(ayb)”V _ ‘7”21(9)_ (3.9)

712
”V - V”Hl(Q)
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From Lemma 3.2 we know that V and V are bounded in H' (2). Thus, there exists a non-
negative constant C; such that

IV = VIl q S CGNIV = VI, (3.10)

() (U

Thus it suffices to chose A/ small enough such that Cz A < 1/2 to prove that V = V on
[0,T] x . d

Proposition 3.4 (Continuity) Let (o)is1 and (o)is1 in L=((0, T), €' (L' (a, b))) and sat-
isfying H1. We denote by N := || Nyl poo0.7).11 @.by)» N := INsll Lo, 7). 11 @by V and V the
corresponding solutions of the Schridinger-Poisson system (3.1)—(3.2). Then there exists Ny
such that if max(N', N') < Ny, then for all p > 1

IV =Vieqma @ < Crlloe — /3;<”LP([O,TJII(Ll(a,b)))s

where Cr is a nonnegative constant depending only on T .

Proof Let (p)k=1 and (fx)i=1 be two sequences in L>((0, T), LY(L'(a, b))) satisfying H1.
Multiplying the Poisson equation (3.2) by (V — V) and integrating provides:

[[ v =Draxa:= 3 [ [ o= momtviey - Paxd:
Q T Q
b ~ ~
+ Z/ Bl (alVIE = [l VIPY(V = 7)) dx. (B.11)
k a
We treat the second term as in the proof of Lemma 3.3 and obtain:
h ~ ~ ~ ~
Z/ Bt VIR = [l VIDYV = D) dx < QR = V112, . (3.12)
k a

where C; is a nonnegative constant. For the first term, we have with Lemma A.1

b
~ ~ ~, GV ~
> /f(pk—pknxk[V]F(V—v>dxdz5c2f > ok —pile T EV = V]| 2 dx.
k Q2 a

k>1

And by the Sobolev embedding H'(2) < L L2(£2) and the bound of V and Vin H(Q),
we have

b
Zf (ox = POLXIVIP(V = V)dxdz < Callpe = Bill 1@y IV = Vi@ (3:13)
k=174

Therefore if we inject (3.12) and (3.13) in (3.11), we obtain thanks to the Poincaré inequal-
ity:

v - V||H1(Q) <GCsN|V - V||H1(Q) + Csllox — I5;c||{il(L1(a,h))'

The result follows straightforwardly after an integration in time for Ay small enough. O
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4 Diffusive Limit

In this section we prove Theorem 1.3 assuming that we have constructed a renormalized
solution ((f;)k=1, V") of the Boltzmann-Schrddinger-Poisson system (1.10)—(1.12) such as
in Theorem 1.2.

Adapting the arguments in [21], we prove in a first subsection the convergence up to an
extraction of the solution ((f;")x>1, V") as 5 goes to 0. In a second subsection, we show that
the limit is a solution of the (DDSP) system.

4.1 Convergence of the Renormalized Solutions

Let f" be a renormalized solution of the Boltzmann equation. The a priori estimates of
Corollary 2.6 imply that f7 is weakly relatively compact in £' (L' ([0, T] x (a, b) x R)).
The two following lemmata show that we can apply the averaging Lemma 1.4 and that
it implies the strong convergence of N]. The convergence of (f”, V") is then proved in
Proposition 4.3 using the smallness assumption on initial data.

Let us denote, for § > 0 fixed, Bs an approximation of the identity, namely B;s(s) =
éﬁ(Ss). We choose 8 and C* function satisfying B(s) =s fors < 1,0 < g/'(s) <1 forall s
and B(s) =2 fors > 3.

Lemma 4.1 Let f" be a renormalized solution of the Boltzmann equation such as in Theo-
rem 1.2. Then w is weakly relatively compact in £'(L'((0, T) x (a, b) x R)).

Proof We define

= VI \/_VNW . 4.1)
n

Thanks to the dissipation rate control (1.17), we have

T
Z/ f/|r:|2/v12dxdudtgc. (4.2)
k 0

Using " we can rewrite
£ = NIM+ 203 N] Mr] + n?(r)* M;.

The result is then obtained thanks to a straightforward adaptation of the proof of Proposi-
tion 3.3 in [21]. 0

Lemma 4.2 Let N/ = Zkf S dv with 7 such as in Theorem 1.2. Then N7 is relatively
compact in L'((0, T) x (a, b)).

Proof We can rewrite the renormalized Boltzmann equation:

N3 Bs(fi) +v- 0 Bs(f) =hy + dug},
where

1
hi= QB and g = 0. €5 (S
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With our choice of 5, we have Bs(f) <2/8 and B5(f) < f! then Bs(f") € £°(L> )N

t,x,v

(L} ). Tt yields that Bs(f7) € €2(L? ). Since we have 0 < B;(f) <1 and %Q”(f”)

t,x,v t,x,v
weakly relatively compact in El(Ltl,x,v)’ we deduce that &} is weakly relatively compact
in £'(L] ). The spectral properties of the Hamiltonian (see Lemma A.2) imply 0,€; =

(Ixx|?0, V). From Lemma A.4 and the Cauchy-Schwarz inequality, we deduce

c 1/2

Z/|ax6255(fkn)|ddef —5(1 + ||V”||H1<Q))|IV’7||H1<Q)(Z/ Iﬁs(fk")ldxdv> .

k=1 k

The bound of V" in H'(€2) and of /7 in ¢'(L} . ,) implies that g} is bounded in £'(L;  ,).
Thus we can apply the averaging Lemma 1.4. We have that for all ¥, € D(R) with

(Y¥r)k=1 all null except for a finite number of them,

lim <sup

y20\p=i

Zé(ﬁa(fk")(hx +3,0) = Bs(f)(t, x, V)Y (v) dv

k>1

) =0. (4.3)
Ll

1,x

Next, using the fact that ((1+v>+k%)B5( ")), is bounded in L>(0, T; £'(L} ,)), we deduce
from standard argument that we can take 1 (v) to be constant equal to 1 in (4.3). Moreover
the definition of B; and the equi-integrability of f,’ implies

sup [|Bs(f") — f" Iy, ,) >0 as&—0. (4.4)

n=l1

Let e > 0, we have forall 1 >7n >0

/ INM(t,x +y) — NI(t,x)|dtdx

=3 [ 1R Gx .0 = B+ v o)l dr dx do
k
+ 3 1 - ldrdx o
k

o

We fix § such that the first and the second term of the right hand side is < /3. For such a
& > 0, we use (4.3) to bound the third term by /3 for y small enough. Then

Z/ﬂg(fk")(t,x—i-y,v)dv—Z/ﬂ,;(fk")(t,x,v)dv dtdx.
© VR k VR

IN](t, x+y) — Ns”(t,x)llLtl L 0 when y — O uniformly in 7.

Therefore the sequence (N/](z,-)), is relatively compact in L}( for all ¢ € [0, T]. From
the local mass conservation (1.16), we obtain that 9, N] = —0d,J", which is bounded in
L'(0, T; W="!(a, b)) thanks to Corollary 2.6. We deduce the relative strong compactness
of (N), in L},x. Therefore we can extract a subsequence such that N7 — N; in L'((0,T) x
(a,b)) and a.e. By uniqueness of the weak limit, there exists p € £'(L'((0, T) x (a, b)))
such that Ny = Y, p and p] — p; weakly in €' (L} ). O

Proposition 4.3 Let (f", V") be a renormalized solution of the coupled Boltzmann-
Schrodinger-Poisson system which satisfies (i), (ii) and (iii) of Theorem 1.2. There exist
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900 N. Vauchelet

Vin L>®((0,T), H'(R)) and Ny in L*((0, T), L' (a, b)) such that if N, is small enough,
then up to an extraction we have

V1>V inL*(0,T), H(Q)) and
fT— N,M  in £ (LY((0,T) x (a,b) xR)) anda.e.

Proof We have proved in Lemma 4.2 the strong and a.e. convergence of N towards Nj.
For this surface density Ny, € L®L!, we solve the Schrodinger-Poisson system at the equi-
librium (1.19)—(1.20). It is proved in Proposition 3.1 of [34] that there exists a unique

V e L>([0, T], H'(2)) solution of (1.19)—(1.20). We show hereinafter that the strong con-
vergence in L' of the surface density allows to prove that

||V77 - V”LZ([O,T],Hl(Q)) —0 as n— 0. (45)
In fact, we multiply the Poisson equation by (V" — V') and integrate, we have

T
/ // \V(V" = V)*dxdzdt =1 + 1 +1II,
0 Q

where

T
I=Zf // (f = NIMD(xVIP(VT = V))dx dvdt,
k 0 (a,b)xR
T
Ir= Zf ff NIM VI = Ll VI (VT = V) dxdvdt,
k 0 (a,b)xR

T
= Z/ // (NTM] = NeM) (Ll VIRV = V) dx dvdt.
e Y0 (a,b)xR

We bound the first term thanks to the estimate on the dissipation rate (2.3). Lemma A.4
provides

T
C VT
n=c) / // | = NIMe ™ T2V = V| 2 dxdvd.
T Jo (a.b)xR

Thus Lemma 2.4 implies that

T
1| < 032/ // | = N' M| dx dvdt
= Jo (@.b)xR

T 1/2
< 4C;||NT|2 (/ R”(t)dt) , (4.6)
0

1
Lr.x

where we use the Cauchy-Schwarz inequality. Then Proposition 2.5 implies that |I| < C4n.
For the second term we use the fact that the Maxwellian M, decays with respect to k.
Therefore using Lemma A.2, we deduce

T 1 1 Mﬂ _M']
11=/ // N;’/ = Z L P (VT = V)x{ ) dodxdvdt <0, (4.7)
0 (a,b)xR 0 2k,(;£k Ek _Eé
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where we denote €7 := €;[oV + (1 —o)V"] and x7 := xx[oV + (1 — o) V"]. Finally,
the bound on the potential in L>([0, T], H'(2)) combined with Lemma A.4 furnishes the
estimate

T
|| < c5/ INGM = NIM [y 1 IV = Vil _dt. (4.8)
A ,

Moreover, using Lemma A.2, we can derive the function s > e~BV+0=9V"1/ z[cy 4 (1 —
s) V"] and therefore obtain

M- M = /1 e e <25<|xz‘|2<v" — Ve
k k=
0 2w Zs Zs

where we use the notation f* := f[sV + (1 —s)V"]. Then by Lemma A.1 we have

R ARGAES V))) ds,

1 —v?/2—€
n GV 2 +IVII 2) k
MY = M| < € e i ||v_vn||L§/0 s
Thus the Sobolev embedding H'(2) < L°L2(S2) provides
D UM = Millgery CIVT = Vi - (4.9)
k

This implies that

||NsM - N;]MWH(I(L}YU) =< ”Ns - NSn”LL + ”N;](M - MU)HZI(L},U)
< ANs = Nl + CNGllVT = Vg g (4.10)

where we use (4.9) for the last inequality. Finally, from (4.8) we can bound the term /I by

|III| S C(”NS - N‘Yn”L[I,x +~/\/—inllvn - V”il([o’]‘],yl(g)))' (411)
Thus, (4.6), (4.7) and (4.11) provide with the Poincaré inequality
V7 — Vlliz(mﬂm(m) SCM+IINs = Nl 4+ NullV" — Vlliz(mﬂ,m(m)).

Finally, if \V;, is small enough, we deduce that V" — V as n — 0 in L*([0,T], H'(Q)).
The convergence of the distribution function f7 is yet obtained thanks to the estimate
on the dissipation rate R” (1.17). Then the properties of the eigenvalues of the Hamiltonian
(A.2) and the embedding of H'(Q) into L?L?(Q) (Lemma 2.4) show that
€LV — €Vl 2qo.r1.L0w@ry < CIVT = V2o ui@y =0 asn—0.
Moreover, by the Cauchy-Schwarz inequality,

”f'] - NYM”ZI(LII.X,U) = ”fﬂ - NJM']”zl(L}J)V) + ”N;]Mn - NYM”el(Lrl.x,u)

T 1/2
<4|NTIVE ([ R”(t)dt) +INIM? = NoMllp g1
A

1
Lr,.r

Thus the entropy inequality (2.3) and (4.10) yield that f? — N, M strongly in £'(L! ). O

t,x,v
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4.2 The Limit Equation

To end the proof of Theorem 1.3, we have to prove that the limit N; satisfies the drift-
diffusion equation (1.18). Thanks to the local mass conservation (1.16), it suffices to study
the limit of the current J".

Proposition 4.4 Let (f7, V") be a solution of the renormalized system defined in Theo-
rem 1.2, then the current J", defined by

1
J" =~ /vf"dv, (4.12)
12 fe

satisfies

JT— J =—D(3;Ns + N,d,V;) inweak-L!,
J(t,a)=J(t,b)=0,

where the diffusion matrix D is defined in (2.2) and the autoconsistant potential is denoted

V, = —log (Z e*"“”).

k=1

The proof of this result is based on an idea of Masmoudi and Tayeb [21] consisting in
using the point (i) of Theorem 1.2. Because of the dependence on k and of the non linear
coupling, the proof is not straightforward. Then we detail the proof hereinafter.

Proof Thanks to Proposition 4.3 we have

D)y = (VNMD),, in (L2, ),

and the definition of r,? (4.1) implies
1
Jn=_= E / vf!dv=2vN{ E / vr M dv +FOM
r] k Rz k Rz t,x,v

Besides, we have MZ < e~V /2= (see Appendix) and the bound (4.2) show that

2 2,2 . . .
the sequence (1" Mg~ Tk )/“),7 is bounded in Kz(L,zﬁx’v). Thus up to an extraction,

there is a u in £*(L}, ) such that FIM e~ @WHT/4 Ly weakly in C*(L7, ). Set-
2k2

ting r = ue~ KA M we get that (FT M7 Je= VT
(r M e~ W+ /4y in g2(L2 ). We deduce

t,x,v
n n
N g I TRl AL
Ek /RZ v My dv = Ek /RZ ve Ty dv

AE /vrk/\/lkdv inweak-L,zx.
R2 '
k

)/4) weakly converges towards

Moreover, the strong convergence +/ N, J — /N, in er_x implies that

JI—~J = 2\/NSZ/ vrMdv  inweak-L} . (4.13)
VR
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Since we have Y, [ 'vM, dv =0, Proposition 2.1 shows that we can define Q' (v.M) and
the selfadjointness of the operator Q leads to

d
J=2JN, Z/Rz 0~ (M), Q(r M)y va 4.14)
k

Now, we will find an expression of J. Considering again r;', we have

n(f£n
: (rf % 2 UNTQ MY+ QMO

With (4.2), the second term in the right hand side is O(ﬂ)[](Lrl - For the first one, one
can prove easily that V£ € £2(L? ), we have ||Q"(f) — O(Hll2qz, ) — 0. The weak

t,x,v
2

t,x,v

convergence of (#"M") in £2(L? _ ) implies then

Q"(r"M") —~ Q(rM) weaklyin £*(L>_ ).

t,x,v

With the strong convergence in L7, of /Ny, we deduce the weak limit:
Q"(f " oo @1 MT)
T =2 anMkW + O(U)zl(L}vx,v)
= 2\/N;Q(rM) int(L;, ). (4.15)

We recall that for every A > 0, we have defined O], = (f;’ + Aexp(—1(v? +£?)))"/%. Thus

O], = O = (fi + he VN2 grongly in €2(L2, ).

1,x,v

Using Lemmata A.1 and A.2 and the estimate (A.3), we can prove that

10€7 — 0 €xl < X PP = 1xxIHa VI + a8 (VT = V)

GV GV
e e

=G ( BNV 2V = V72 + 10:(V = V)] 2).

Thus the strong convergence of V" in L7(H, ) with the Sobolev embedding H'(Q) —
L°L2(S2) imply that
0,€] — 0,€; strongly in EZ(Lix).
Therefore,
0.€; O, — 0.€, O, weaklyinL, .

Thus we can take the weak limit as n — 0 in (1.15). For all £ > 1, we find

1,2 2
N, —5 (V7 +k7)
VN, Q(r M)y T ve .

V- 0x O — 0y (0x€x O) = o, 2601,

And if we make A — 0 in the resulting equation, we find

<ax\/ﬁs + %Wa vx) UMy = Q(r M)y, (4.16)
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904 N. Vauchelet

where we take V; = —log Zk e~ . And we verify that the product «/N,d, V; has a meaning
in L}qx. Now, with (4.13) and (4.16), we can conclude

J=—D\/ﬁs<ax\/ﬁs+%\/ﬁsaxw>, (4.17)

where the symmetric positive diffusion matrix, defined in (2.2), is given by

]D):—Z/Rv@) 0~ ' (M) dv.
k

Besides, with our choice of boundary conditions (1.8) we have that

Z/vak”(t,a,u)du:Z/vak"(z,b, v)dv =0.

k>1 k>1

Thus as n goes to 0, it provides that J(¢,a) =0 and J (¢, b) = 0. Now, if we use Lemma
4.5 combined with (4.16), we can rewrite the current J and the proof of Proposition 4.4 is
complete. O

Lemma 4.5 Let Ng and V be defined in Proposition 4.3. If we suppose that

1
a)c\/ NYJ’_EV NvaxVx:GeLz((Ov T) X (‘Lb))v (418)
where Vg = —10g(}_-., e~ “I1). Then we have
VN, € L*((0,T), H'(a, b)) and +/Nsd,V; € L*((0,T) x (a,b)).

Proof We have /N, bounded in Lix and V in L[ZHXI, then from Lemma A.1, we deduce
that /N9, V, € L} . It follows that d,+/N; € L; .. We consider the approximation of the
identity Bs as before. Namely Bs(s) = é B(8s) where B is a C*®°(R™) function satisfying
Bs)=sfor0<s <1, B(s)=2fors>3and 0 < pB'(s) < 1. If we denote = /N, we
have

9 Bs (V) = VB (V).

Hence we can renormalize (4.18):

1 -

where G =G Bs(¥) < G. Multiplying (4.19) by 9, Bs () and integrating provides
1
[ [1apswarar 3 [ [avaponvsiavar

:f/ G0, Bs(¥)dx dr. (4.19)

By the Cauchy-Schwarz inequality we deduce

// GoBs(W)dx dr < %// szxdt—}—%//Iaxﬁa(t/f)lzdxdt.
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If we define B by B(s) = [; T8'(s)*dt and B;(s) = 5lz,f?((Ss). Then, B5(s) tends to % when
& goes to 0 and we have

b b b
f 3 Vs - 0 Bs(Y) Y5 (Y) dx = f 3.V 8 Bs(Y)dx = — / 32V, Bs(¥)dx.  (4.20)

a

Thanks to the Poisson equation (1.20), we have:

e %(€)> (N?2+4VZN) e ¢k
—0lV,=—4)" o+ +2) " —((V + €010 )
k

Z N, — Z
1 (e_fk—e_q> )
— =Y D Juxedsv)
Z PaireT € —€y
e~ e~ :
+2.— <|xk|za>V>2—(Z7<|xk|zam> : (4.21)
k k

By the Cauchy-Schwarz inequality, the sum of the last two terms of the right hand side is
nonnegative. Moreover, except for the first one, the other terms are obviously nonnegative.
Thus we have with (4.20),

e (€L 5

b b
[ o apwrugndr=—4 [ 3 S fa
a a k

Moreover, Lemma A.l and the Sobolev embedding H'(Q) — LEOLﬁ(SZ) imply that
>k % is bounded in L*°(a, b). Thus (4.19) leads to

) ) b e*ék(ek)Z N
//|a,,,35(1/f)| dtdxs//G dtdx+4/ ZTﬁg(tlf)dx.
a i

Passing to the limit § — 0, we have

b —€x 2
f/|ax,/1vs|2dtdxgffczdtdx+4/ Z#Nm’x.

k

Thus we deduce that /N, € L2((0, T), H'(a, b)) and with (4.18) we conclude easily that
VN3, V, € L2((0, T) x (a, b)). O
5 Existence for the Overall Problem

5.1 The Truncated Boltzmann Equation

This part deals with well-known existence results and properties for the Boltzmann equation.
The results will be given for the matter of completeness without proof, we refer to [2, 4, §,
11, 23] for more details. We shall assume that n > 0 is fixed, for the clarity of the notation
we chose n = 1, and that the force fields F; := —9, € is given. We consider the Boltzmann
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906 N. Vauchelet

equations indexed in k:

O fi +v -0 fi + Fi - 0o fi = Qr(k, (x,v) €(a,b) xR, 1€[0,T],
fit,a,v) = fi(t,a, —v), fi(t,b,v) = fi(t,b,—v) fort€[0,T],v>0, (5.1)
fk(()’xav): kin(xsv)5

with the truncated collision operator:
0u(hi =Y [ afu ) M) /i) = MO ioD . (52
K R

where the truncated cross-section is defined for a R > 0 by
o (0, V) = g (U, V) L o<k (b, V) Ly <g o <r (K, V). (5.3)

A simple calculation shows that the regularized collision operator (5.2) is bounded in
€'(L} ) and in £°(L?%,) and satisfies Y, [, Qr(f)rdv =0.

We can prove, using the characteristics techniques (see for instance [4, 6, 8]), existence
and uniqueness of weak solutions for each equation of (5.1):

Lemma 5.1 Let T > 0 and assume that the initial data satisfy for all k > 1,
>0, (1+v?)fi"eL'((a,b) xR), e L®((a,b) x R).

Assume that F, € L'((0, T), Wh(a, b) N L®(a, b)) and that €; > %72'2/(2. Then (5.1) ad-
mits a unique weak solution f, € L*((0,T), L' N L*®((a, b) x R)), fi >0 and

Vi e [0, T], Z/fk(t,x,v)m):Zff,j"(x,v)dv. (5.4)
R R

k>1 k>1

Moreover if there exists § > 2 such that (v* + kz)f,f" €LX(LY,) then vVt €10, T],

t 2
D et Il anxm < c<1 + ( / sup | Fe(s. )l 50 ds) ) (5.5)
0

k>1 k>1

where C is a constant depending only on T and the data.
5.2 Proof of Theorem 1.2

In this section we give the sketch of the proof of Theorem 1.2. The structure of the coupling
invite us to use a fixed-point argument for the proof. However to define this fixed-point, the
uniqueness of a solution of the Schrédinger-Poisson system is needed. Thus we are not able
to prove the existence for every kind of initial condition but only for small initial data.

The main steps for the proof, described hereinafter, follow the idea of [2, 4, 21]: we regu-
larize the system thanks to a small parameter ¢ > 0, we construct solution of the regularized
system and we left go the parameter ¢ to O to recover solutions of the unregularized system.

First, let us define the linear regularization operator by

R?:LY(Q) - C®(Q),

_ (5.6)
V= R[V](x,2) =(V %, &, *; &)lg

@ Springer



Diffusive Limit of a Two Dimensional Kinetic System of Partially 907

where V is the extension of V by zero outside 2 and &;  and &, ; are C°° nonnegative com-
pactly supported even approximations of the unity on R. Moreover, we can prove straight-
forwardly from convolution results that the regularization operator R® satisfies the following
properties:

Lemma 5.2

(i) R? is a bounded operator on LYLI(Q) for 1 < p,q < 400 and satisfies for all V
LYLI(Q),

||RS[V]||L§L;’(Q) =< ||V||L£L?(Q) and !1_1)1(1)||R€[V] - V”LfLZ(Q) =0.

(i) R¢ is self-adjoint on L*(Q2) and for all V. € WH2(Q),

ViR [V]=R[V.V]; lim ViR [V] = Vi V]2 =0.

We introduce then the regularized system:

O fn+ LS = D€L D) = OR ([ (1v) € (@, b) X R,
Firtav) = fEota,—v),  fialt.b,v)=ffo(t.b,—v), v>0, (57)
fEr(0,x,v) = fi*(x,v),

30Xk T RIVRIX Rk =€frxin k=D,
Xer(t,x, ) € HYO, D, [ Xk g xi g dz =i,
—A Vi = RO, [5 fERIXE R dV],

Vi (t,a,2)=2k(t,b,2)=0, forze(0,1), (5.9)

dx
Ve, x,00=Vg(t,x,1)=0, forxel(a,b).

(5.8)

We use the regularization of the collision operator:
CAGIEDY / af (0, VY M) fir (0) = ML) fi () dV (5.10)
v VR

where the truncated cross-section is defined for R > 0 in (5.3). We use the notations of
Sect. 1:

1 1 e
Nf:Z/f,fdv and Mi:ZnZS exp<—§v2—€i> forzszZ:e_ek.
R

k>1 k>1

Since for ¢ = 0 we have R° = Id, we will obtain a solution of the unregularized system
by passing to the limits ¢ — 0 and R — +o0 in the regularized one (5.7)—(5.9). Therefore
the proof of Theorem 1.2 can be split in the three followings steps:

Step 1: Existence for the regularized problem. In the first step we prove that the regular-
ized problem admits a solution. We verify easily that the regularized collision operator (5.2)
is bounded in KI(L}'X) and in £*°(L7) and satisfies > fR 0% (f*)xdv=0and

L3

> [ Qirntog Afjk dv= =33 [ (VI — VN o

k>1 k>1
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908 N. Vauchelet

Following the ideas of the proof of Proposition 4.8 of [4] we establish:

Proposition 5.3 Let T > 0 and let assume that Assumption (A.1) holds and that the initial
condition is at the thermal equilibrium, i.e. verify (A.2) and is given by (1.9). Then, there
exists &9 > 0 and § > 0 such that, if

DA L, <8, (5.11)

k>1

and ¢ € (0, &) then the regularized problem (5.7)—(5.9) admits a global weak solution
(Vgs (f§ R)i=1) on the interval |0, T which satisfies the entropy estimate:

T
vt [0, T], 0§W§(t)+a—;/ R% (@) dt < Cr, (5.12)
n=Jo
with
Wit =" ,leog&—f,fR—i—Mk dxdv—i—l//WX-V,ﬂzdxdz
k>1 1 Mk 1 2 "
and

1
RE (1) = EZ//( [fir— N;RM;R)zdxdv.
k>1

Step 2: Passing to the limit R — +o0o. For ¢ > 0 fixed, one can pass to the limit as
R — +00. We obtain

Proposition 5.4 Let T > 0 and let assume that (A.1) and (A.2) are satisfied. Let ¢ > 0

be fixed (¢ < &) and (Vg, (fir» Xi.r» €i.g)k=1) be a weak solution of the regularized

Boltzmann-Schrodinger-Poisson system (5.7)—(5.9). Then as R — +0o0 this solution con-

verges to a weak solution (V°, (f¢, xi. €7)k=1) of the regularized Boltzmann-Schrodinger-

Poisson system (5.7)—(5.9) with Q% is substituted by Q% in the Boltzmann equation (5.7).
Moreover it satisfies the entropy estimate (5.12) with i instead of [ p.

Proof We skip all the index ¢ in the notation. With our regularization (5.6) we have a bound
on Vin L( WY“’O) depending only on ¢ but not on R. It provides thanks to (5.5) a bound on
(fe.R)k=1 In £°(L> ) depending only on ¢ and on the data. And with (5.4), we have a bound

t,x,v
on (fr.r)k>1 In 2! (L}Yx,v) depending only on the data. Thus we can extract a subsequence
converging as R — 400 towards a function f in £*(L? )-weak. Using the standard mean
compactness result (see Theorem 1.8 of [8], see also [16]), we deduce the relative strong

compactness of the sequence indexed by R

ffk,RWkdU
R

in leoc([O, T1 x (a, b)) for all ¥, € D(R) all null except for a finite number of them. Using
the fact that the quantity (1 + k%) fi & is bounded in L°(£'(L! )) we can choose ¥ = 1.

Thus one obtain that pg := (f fe.g dv)i=1 = p = ([ frdv)i=1 in L] -strong.
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The conservation of the mass implies that for all ¢ € [0, T] we have | f]| oty =
| fim lere o= N Then we can solve the regularized Schrodinger-Poisson system (5.8)—
(5.9) with the given p := [ f dv and construct a unique solution V € Lfo(HX"z). Using the
fact that the sequence (f)g satisfies (5.12), we can use the continuity property of the so-
lution of the Schrodinger-Poisson system (cf. Proposition 3.4) to prove that the sequence
(Vr)r is Cauchy and therefore converges towards V in L?(HXI,Z). Properties of the eigenval-
ues of the Hamiltonian show that € ;[ R®[Vg]] — €([R°[V]] in Ltz(sz_f").

Furthermore, we have for all k > 1

1Qr(fR)illLse, < calllfrllopt,) + I frllexews,)) < Cre.

where Cr . is a nonnegative constant depending only on 7" and ¢ and on the data. We deduce
that we can extract a subsequence (Qr(fr)r) g converging as R — 400 in L*°-weak®. Then
from the definition of Qz (5.2), we deduce that

V€ L'((a.b) x R), //(Q(f)k—QﬂfR)k)«pddeO as R — +oo.

Thus one can pass to the limit in the weak formulation of the Boltzmann-Schrodinger-
Poisson system (5.7)—(5.9) and prove straightforwardly that (V, (fi, €. xx)k>1) iS a solu-
tion of (5.7)—(5.9) with Q instead of Q. Finally we recover the entropy estimate by passing
to the limit R — +o0 in (5.12). O

Step 3: Passing to the limit ¢ — 0. In the last step we prove Theorem 1.2 by taking the
limit & — 0.
Since the solution satisfies the entropy estimate, we deduce that

Z/// A +v+k + |log fEdxdvdt < Cr.
k>1 (0,T)x(a,b)xR

Thus the Dunford-Pettis Theorem and the De La Vallée Poussin Theorem implies that
(ff)i=1 and is weakly relatively compact respectively in £' (L'((0, T) x (a, b) x R)). Using
standard mean compactness result (see e.g. Theorem 1.8 of [8]), we deduce the strong rela-
tive compactness of the sequence (o), in L' ([0, T] x (a, b)). Therefore, up to an extraction,
we have

of — pr strongly in £' (L' ((0, T) x (a, b))). (5.13)

Moreover p satisfies the estimate

Z/[ o(L+ k%) dxdt < Cr (5.14)

k>1

and the conservation of the mass implies
b b
Vi €[0,T],Ve >0, / Nsdx:[ Nidx =N,
a a

We can then apply Lemma 3.2 to solve the unregularized Schrédinger-Poisson system (3.1)—
(3.2) for the density p and construct V e L*®([0, T], H'(2)) which is unique thanks to
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Lemma 3.3. Moreover multiplying the two Poisson equations by (V¢ — V) and integrating
lead to

[[woe-vipava:= [ [ R@[Z(pszﬁ—pk|xk|2)}(w—V>dxdz
Q Q k
+//(R8—1d)[zpk|)<k|2](vs— Vydxdz. (5.15)
k

Using the fact that with Lemma 5.2, ||R® — Id||; — 0 as ¢ — 0, where

[(R* = 1)Vl 20

R —1Id 2= sup
”
(VelL2(Q),V#0} |“ ”LZ(SZ)

then we can prove, adapting the techniques of Proposition 3.4 that

f/ YV~ V)Pdxdz < IR — IdIL 1V — Vi
Q
+Callpg = pillg ey 1V = Vi@ + CNall Ve = VI q)-
With the Poincaré inequality, we have for A, small enough,
IVE = Vg < CUR = Idl2 + llpf — pillrp1)-

Thus there exists Ny > 0 such that, for all 0 < N}, < N, there exists V € L*([0, T,
H'(RQ)) weak solution of the unregularized Schrodinger-Poisson system (3.1)-(3.2) and
such that the potential V*, weak solution of the regularized system, converges towards V in
L2([0, T], H'(S2)). The properties of the eigenvectors imply (see proof of Proposition 4.3)
that €5 — € in L2(L%).

The end of the proof of Theorem 1.2 is standard (see [18, 21, 23]) and is based on a
double renormalization. We first write the equation satisfied by B;( f*) with the function S
defined in Sect. 4.1 and weakly pass to the limit ¢ — 0. Then we renormalize the resulting
limit equation by B and let finally § going to 0.

Remark 5.5 The convergence of the potential V¢ is a key point in this proof of existence. We
notice that the technique used here relies strongly on the embedding H!(Q2) <> L% L?(Q)
which is not true when the x-variable is two dimensional. Then in this latter case we are
not able to prove uniqueness of solutions of the Schrodinger-Poisson system for (o), given
and therefore the fixed point procedure does not converge. Thus the techniques used here do
not allow us to prove the existence of solution of the coupled kinetic-quantum model for a
two dimensional transport direction. However in the diffusive regime, the occupation factor
pr decays with respect to k and it has been proved in [34] that this allows us to recover
uniqueness of solutions of the Schrédinger-Poisson system (in fact we can show in this
case that the last term in (3.11) is nonpositive). Using the Trudinger estimate for the entropy
functional furnishes existence of solutions of the drift-diffusion-Schrodinger-Poisson system
(see [34]).

Acknowledgements The author would like to acknowledge warmly M.L. Tayeb for his help and interesting
discussions on its paper [21]. The author wants particularly to thank N. Ben Abdallah and F. Méhats for their
help and support during this work. The author acknowledges partial support by the ACI Nouvelles Interfaces

@ Springer



Diffusive Limit of a Two Dimensional Kinetic System of Partially 911

des Mathématiques No. ACINIM 176-2004 entitled “MOQUA” and funded by the French ministry of research
as well as the ACI Jeunes chercheurs no. JC1035 “Modeles dispersifs vectoriels pour le transport a I’échelle
nanométrique”.

Appendix: Spectral Properties of the Hamiltonian

In this appendix, we list some basic properties of eigenfunctions and eigenvalues of the
Schrédinger operator in the z variable. For a given real valued function V in L?(0, 1), let
H[V] be the Schrodinger operator

2

H[V]:= I d V(
[]-——EE-F 2)

defined on the domain D(H[V]) = H?*(0, 1) N HOI (0, 1). This operator admits a strictly in-
creasing sequence of real eigenvalues (€ [V ])¢>; going to 4-00. The corresponding eigen-
vectors, denoted by (xx[V1(2))i>1 (chosen such that x;(0) > 0 and fol I [V1?dz = 1),
form an orthonormal basis of L?(0, 1). They satisfy of course

1 d?
_Ed_zzkarvXk:eka, Xk € Hy (0, 1), Vk > 1. (A1)

Obviously, for V =0, we have € ,[0] = %7‘[2/{2 and x[0](z) = «/Esin(nkz). And
ifU<Vae.in(0,1) thenVk>1, €, [U]=<€V]
In the sequel we will use the standard notation (f) = fol f(z)dz and when there is no

confusion possible €, will stand for €[V] and x; for x;[V]. Following the study of the
spectral properties of H[V] in Chap. 2 of [28], we have:

Lemma A.1 There exists a positive constant Cy depending only on |V || 2 1, such that

1 .
lek[v] — Eﬂzkz <Cy; lxV]—+2 sin(mwkz) | L 0,1) < Cy.

Moreover the constant Cy can be chosen such that Cy < C1exp(C2||V | 2¢0.1)), where the
constants Cy and C, are independent of V and k.

Lemma A.2 Let V=V (X, z) € L°.(0, A; L?(O, 1)) with A € (0, A) (typically A =t or

loc

A=x;). If0,V e L;UL,(k, L?(O, 1)), then 0, €, € L,lw,_, 05 Xk € L,IOL_(A, L (0, 1)) and we have

(Xk Xe 0.V)

h€=(uloV) and d=) Y ¢
k— ¢

0k

Xe-

Using these last two lemmata we can prove (see Appendix of [5]):

Lemma A.3 Let V and V be two real-valued functiogs in L*(0, 1). Then there exist two
positive constants Cy and C, independent of k, V and V such that

€[V — €V < Crexp(Ca(IV 201y F IV 2oV = VLo (A2)
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And,
el V1= xel V1o, < Crexp(Co(1V I 20,0 + 1V 201V = Ve (A3)

Lemma A4 Let V € L*(0, 1) such that V > 0, then the eigenvectors of the Schrodinger
operator satisfy

172

XVl o) = CA+NVI g )
Proof The result of Lemma 1 Chap. 1 of [28] provides:
sin(4/2€4(z —t
X (z) = Ay sin(y/2€,2) +2/ %V(r)xm) dt, (A4)
0 k

where A; is a nonnegative constant to be determined. Thanks to the Cauchy-Schwarz in-
equality, we deduced

Jo VO @) dt P2

Vit t)dt |4 .
( )Xk( ) 2Ek = \/E “ ||L2(0,1)

=

/Z sin(+/2€x(z — 1))
0 2€

Moreover, from (A.1),

1 2 2 2
€= §<|3sz| )+ xl™V) = (Ixel V).

Thus,
“sin(+/2€(z — 1)) 1 1/2
/0 TV(I)Xk(f)df =< NG VIl 201 (A5)
Thus from (A.4) we have for all z € [0, 1]
@ < A+ V2 IV (A6)

L2(0,1)"

Now, we will use the condition || Xkl 2,1y = 1 to bound Ay. If we use the expression of y;
(A.4) in the identity fol x?dz =1, we obtain

1
13A,§/ sin(y/2€,2)° dz
0

b * sin(v/2€(z — 1))
+4Ak/0 sin( 2€kz)/0 TV(t)Xk(t)dzdz. (A7)

For the second term we have from (A.5)

1 Z Q3 / —
/ sin(\/Ez)/ SNV2ELR =)y () dr dz 5%”\/”1/2
0 0

2€, L2(0,1)°

And we can calculate

e » 1 sin@y2€)
/0 [sin(v/2€2)] dz= 3T agE
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We have assumed that V > 0. It implies € ,[V] > €[0] = %nzkz, for all k> 1. Thus we can
inject these remarks in (A.7), it leads to

2 4w L.

1 1
1zA,%(— - —) —2V2 AIVIIYS

This implies that there exists a nonnegative constant C such that

172

Ak =< C(] + ”V”LZ(O,I)

), Vk=>1.
It remains to inject this last estimate in (A.6) to conclude the proof. a

Lemma A.5 Let V and V be two given nonnegative potentials in L*(0, 1). Then there exists
a nonnegative constant C such that

€VI— €VII = CA+IVIS  + VIS DIV = Vigen.  (A8)

Proof This is an easy consequence of Lemmas A.4 and A.2. Indeed, if we denote for A €
[0,1], W(A,2) =V + A(V — V) and € (A) = € [W (A, -)], we have

1 1
Gk[V]—Gk[V]=/ 8A€k()\)d)‘=/ (W, DI@P(V = V) dr,
0 0

Thus, we have

1
€IV]— EVII < IV — V||Lz(o,1)/ LW G 2 )
0
The estimate (A.8) follows then from Lemma A.4 and the interpolation:

W G M g1y < W G D200 L EW G A0, 0
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